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B. A. (Part IIT) EXAMINATION, 2020
MATHEMATICS
Paper Second

(Abstract Algebra)
Time : Three Hours | [ Maximum Marks : 50
A IS WA W IS q AN B i | W o b 3w
T & |
Attempt any two parts of each question. All questions
carry equal marks.

1. @) Rig AT G o @i aiaRe w@raRdrRl o Wy
In (G), Aut (G) & U@ YA SUGYE il § aofl I8
G & 0N 98 G/Z ¥ TSN I 8, el Z, G &
T T |

Prove that the set In (G) of all inner automorphism of a

group G is a normal subgroup of Aut (G) and is
isomorphic to the quotient group G/Z of G, where Z is
the centre of G.

(@) R o1 fgci g fofay vd Rig 1o |

State and prove second Sylow’s theorem.
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fig @Y f$ G WM TR N,,N,,...,N, &I
HiTR® W TP & Ife AR dad M -
() G=NN,...N

(i) N; n(N;Ny.....N;_| N, ... N, =(e),

121,2,....,1135%1('

Prove that G is the internal direct product of the normal

subgroups Ny, N,,....., N, if and only if :

(i) G=NN,...N
(i) N, A" (N;N,...N, | N, ;..N,) =(e),
fori=1,2,...n
TPE—2
(UNIT—2)

AR £, q (R, +, ) W IqWES qd (R, +, ) W
HIGIRGT €, d Rig DI e :

(R/ kerf,+,.) = (R",+,.)
If fis a homomorphism from a ring (R, +, .) onto a ring
(R, +',."), then prove that :

(R/ kerf,+,.) = (R",+',.))
Rig PINTY 6 WB T (R, +, ) N T 9gUS o
e R [x], IgU&I & INT SR H & AU Th Iod
BIe & |

Prove that the set R [x] of all polynomials over an

arbitrary ring (R, +, .) is a ring with respect to addition
and multiplication of polynomials.
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I /U@ RASYA M 3idedl Udh R-AGIA N I Uh
FEIEIRGT 8, A1 g i 3 -

@ (=0
(i) f(x)=-f)VxeM

If f'is a homomorphism of an R-module M into an R-
module N, then prove that :

(i) f(0)=0
(i) f(x)=—f)VxeM
3PE—3
(UNIT—3)

ferefl e Ae Vv (F) 1 & SuwAredl W, 5@ W,
BT WG V (F) B Ud IUFARE 81 A 3R et A 7
TH-giR H gl &, Rig S|

Prove that the union of two subspaces W, and W, of a

vector space V (F) is a subspace if and only if one is
contained in the other.

et (1,2, 3), 1,0, 1) T (0, 1, 0) & VyR) ¥
RGBT W=T AT WAl B A BT |

Examine linearly independency or dependency of
vectors (1,2, 3), (1,0, 1) and (0, 1, 0) in V;(R).

A v ve uRfad fodi wfew wfte & 91 w, W@ W,
31 Syl &, 1 Rig aifo &
dim (W, + W, ) =dim W, +dim W,

—dim (W, N W,)
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If W, and W, are two subspaces of a finite

dimensional vector space V (F), then prove that :
dim (W, + W, ) =dim W, +dim W,
—dim (W, " W,)
TP—4
(UNIT—4)

@ frg @IFT &5 T &7 ® & R i sl
e qerend B ¥ A el daw AR SR R
M B |
Prove that two finite dimensional vector spaces over

the same field are isomorphic if and only if they are of

the same dimension.
@ 3t & F W URMR V 31 afey wAfedr € @ afg T,
U VH 13 Red wURe & a1 U aRfa i g,
dl Rig ST fos
S (T) + T (T) = T (U)
If U and V be vector spaces over the field F and if T be

a linear transformation from U into V. If U (F) is finite

dimensional, then prove that :

rank (T) + nullity (T) = dim (U)
@) TfEy fo ffoRad smeE A faedf 2 -

1 -1 4
A=13 2 -1
2 1 -1
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Show that the following matrix A is diagonalizable :

1 -1 4
A=|3 2 -1
2 1 -1
IPR—5
(UNIT—S5)

I o AR B B MR TOE FHE V (F) & AR &,
9 TuIgy fob -

Jou+ B + [l = BJ* = 2o + 2B
R @1 AT @rar §f Hifo |

If o and B are vectors in an inner product space V(F),

then show that :
Jou+ B+l =B = 2]af” +2[B*

Interpret the result geometrically.

Ueh AR O e VA ARl BT uEe dlfdd
Teag § A AR B, S & Waw iy # & e
BeL(S), q¥ <3T & :

B=2 B o)y
k=1
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If:

be an orthonormal set of vectors in an inner product
space V and if B is in the linear span of S, then show
that :

BZZ(B>ak)ak
k=1
I-RAE & Wifdd UsHA $ YA @RV, (R) & MER
B = {B),By, By} ¥ TEMT TG AER A IR,
SRE

Bl = (170, O)
B =(1,1,0)
By = (1, 1, 1)

Using Gram-Schmidt orthogonalization process find
the orthonormal basis from the basis :

B = {B.B2. B3}
of V5 (R), where :

By =(1,0,0)

By = (1,1,0)

By = (1, L, 1)
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